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ABSTRACT Polymer reference interaction site model (RISM) calculations are performed on melts of freely- 
jointed, vinyl polymer chains. The local monomer structure is modeled by three independent, hard-sphere 
sites corresponding to  the CH2 and CH backbone constituents and an arbitrary side-chain group. The six 
intersite radial distribution functions and partial structure factors are computed for chains of 100 backbone 
units, a t  a liquidlike packing fraction of 0.5. I t  is found that the side-chain groups tend to shield the backbone 
sites from approaching each other a t  short distances. The extent of shielding increases with the size of the 
side-chain group. On a radius of gyration length scale all the radial distribution functions exhibit a universal 
correlation hole. The total structure factor, proportional to the intensity of scattering, exhibits a low-angle 
peak not present in a polyethylene-like melt. This low-angle peak grows in intensity and shifts to lower wave 
vectors as the size of the side-chain moiety increases. The isothermal compressibility, equation-of-state, and 
cohesive energy of the liquid are found to be functions of the local monomer structure. 

I. Introduction 
Over the past several years Curro and Schweizer have 

developedlg a computationally tractable, statistical me- 
chanical theory for the intermolecular structure and 
thermodynamics of polymer liquids. This approach is an 
extension to flexible polymers of the reference interaction 
site model or RISM theory of Chandler and Andersen4g5 
successfully used to study small, rigid molecule fluids.6J 
The polymer RISM or PRISM theory has been used to 
treat linear, freely-jointed,8p9 semiflexible,1° rotational 
isomeric state,11J2 and threadlike13 chains. In addition, 
several investigators have applied PRISM theory to study 
polymer alloys.1616 In all of these PRISM computations, 
each polymer molecule is representedas a chain containing 
a single type of site. Recently, David and Schweizer17 
used a two-site chain model torepresent block copolymers. 

In the present investigation we apply PRISM theory to 
study the structure of freely-jointed vinyl polymer melts 
using a three-site model according to -(ABC),- where A 
and B represent backbone sites and C represents the side 
group. The added mathematical complexity of including 
three rather than a single distinct site would appear to be 
necessary to capture the details of the local intermolecular 
packing of vinyl polymers in the liquid. The long-range 
part of the radial distribution function g(r) ,  the so-called 
correlation hole regime, would be expected to be insensitive 
to whether a three- or one-site model is employed as long 
as the radius of gyration is the ~ a m e . ~ J ~  On the other 
hand, the thermodynamic properties of the liquid would 
be expected to depend on the local packing since van der 
Waals attractions, known to significantly contribute to 
the thermodynamics, are short range. Thus the level of 
local chemical detail necessary depends on the questions 
one is addressing. 

Here we will examine how the side group influences the 
intermolecular packing by studying the  radial distribution 
functions, structure factors, and equation-of-state as a 
function the size of the side group represented by the C 
site. In this investigation we will focus only on freely- 
jointed vinyl chains. For calculations on specific vinyl 
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Figure 1. Schematic representation of the freely-jointed polymer 
chain used in this investigation. Each monomer is composed of 
three independent, tangent, hard-sphere sites. 

polymer melts one needs to include the effects of constant 
bond angles and rotational potentials. 

In section I1 the PRISM theory is recast in a form 
appropriate for chains of three independent sites. The 
intramolecular structure factors of freely-jointed vinyl 
chains, needed as input for the PRISM theory, are 
developed in section 111. In section IV the intermolecular 
radial distribution functions and structure factors calcu- 
lated from the PRISM theory are discussed. Finally, in 
section VI the equation-of-state and cohesive energy are 
calculated for freely-jointed vinyl chain liquids. 

11. PRISM Theory 
Consider a system consisting of Nc polymer chains each 

containing N monomers. Each monomer is made up of 
one or more interaction sites. In the vinyl polymer case 
considered here, each monomer consists of three inde- 
pendent species sites (A, B, C) corresponding to the CH2, 
CH, and R moieties making up the backbone of a vinyl 
polymer -(CH&HR)r. Figure 1 depicts the arrangement 
of the sites along the chain backbone. Although it is not 
necessary in general, in the present investigation we take 
the sites to consist of tangent hard spheres as illustrated 
in Figure 1. We now label the sites on each molecule from 
1 to 3N and define an intermolecular site-site radial 
distribution function matrix gay@) according to6 

where p = N J V  is the number density of molecules and 
ii" is the position vector of site a on chain i. Strictly 
speakingg,,(r) is a 3N X 3N matrix since each site along 
the chain would be distinct in the general case. 

It is convenient to define the total correlation function 
ha,(?) =g,,(r) - 1 so that h(r) approaches zero as r becomes 
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large. Following Chandler and Andersen, we now define 
the direct correlation function C&) from a generalized 
Ornstein-Zernike equation4p5 written below in Fourier 
space. 

( 2 )  

In eq 2 h(r), C ( r ) ,  and w ( r )  are 3N X 3N matrices with 
elements hay, Cay, and way, and the caret denotes Fourier 
transformation with wave vector k. The normalized 
intramolecular distribution between intramolecular sites 
a and y is denoted by way(r) .  Equation 2 can be viewed 
as a definition of the direct correlation functions C(r ) .  To 
have a soluble system of equations, Chandler and Ander- 
sen4y5 proposed that the direct correlation functions be 
approximated by the Percus-Yevick closure in analogy 
with the Percus-Yevick theory (PY) of atomic liquids. 
For hard-core potentials the PY closure has the simple 
form 

6 ( k )  = G(k)*C(k) . [G(k )  + pC(k) l  
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Cmmt(r) are symmetric 3 X 3 matrices involving pairs of 
sites of species A, B, and C. From eq 7 we see that polymer 
RISM theory for the vinyl polymer liquid reduces to a set 
of six independent equations for the various radial 
distributions g u ( r ) ,  gBB(r), g d r ) ,  g d r )  , gAC(r), and gBC- 
( r )  of interest. The PRISM equations in eq 7 are to be 
used with the analogous PY closure for hard-core interac- 
tions. 

g&) = 0 r d,, 

Ca,(r) 0 r > d,, ( 3 )  

where day is the hard-core distance between sites a and 
y along the chain. Equations 2 and 3 make up the RISM 
theory of Chandler and Andersen. 

Equations 2 and 3 do not yield a tractable theory for 
polymer liquids since one is confronted with solving 3N(3N 
+ 1)/2 independent equations where N ,  the number of 
monomers, is a large number ( N  >> 1). This difficulty is 
easily dealt with by recognizing that, since the polymer 
chains are long, we can neglect end Such an 
approximation implies that we can treat each of the N 
monomers as being equivalent. Since each monomer 
contains three species sites, we have only six independent 
radial distribution functions and direct correlation func- 
tions 

he#) = hmm4r); C a $ 9  = Cm,,,4r) (4) 

where a! E m, y E m’, and rn and m’ take on the species 
labels A, B, and C. Thus the 3N X 3N matrices in eq 2 
are made up of blocks of identical 3 X 3 symmetric matrices, 
where each block consists of correlation functions between 
Species, i.e., h u t  hBB, hcc, hAB, hAC, and hBC. Using eq 4 
in eq 2 gives 

where the Greek indices get summed over the 3N total 
number of sites, but the indices denoted by m, m’, etc., 
refer to the species A, B, or C. For a vinyl chain of N 
monomers, we have exactly N sites each of species A, B, 
and C. We now define a symmetric, 3 X 3,  intramolecular 
structure factor matrix based on species according to 

With this definition eq 5 can be written in the compact 
form 

(7 )  

where 6 = Np is the monomer density and hmm,(r) and 

6 ( K )  = St(k).C(K)*[b(k) + b6(k) l  

g,,,,,(r) = 0 for r < d,,, 

In the RISM theory of rigid molecules the intramolecular 
distributions w&) are well-defined and serve to specify 
the positions of the sites on the rigid molecule. In the case 
of a flexible polymer liquid, where the molecules have a 
large number of internal degrees of freedom, one might 
expect that the intramolecular functions w,,(r) would have 
to be determined self-consistently with the intermolecular 
structure given by the h(r)’s. We can circumvent this 
difficulty, a t  least to a first approximation, by making use 
of Flory’s hypothesisI8 that polymer chains in a melt are 
ideal. It has been demonstrated by neutron scattering 
e ~ p e r i m e n t s ’ ~ * ~ ~  and computer simulations21*22 that, to a 
good approximation, intramolecular excluded-volume 
interactions are screened out in a melt. This allows us to 
considerably simplify the problem by calculating the 
Qmm*(k) in eq 6 using the average values of &(k) from a 
separate single-chain calculation, appropriate to the 
particular model chain of interest. The ideality hypothesis 
is not strictly valid on monomer length scales for com- 
pletely flexible polymers. Recent computer simulations9 
of Grest and Kremer indicate that, although the chains in 
the melt scale as ideal chains (Le., RG - dN, some local 
expansion of the chains relative to an ideal state occurs. 
These intramolecular expansion effects are expected to 
become less important as the chains become stiffer and 
are not as important in most real polymers. Methods have 
been developed to include these intramolecular expansion 
effects in a self-consistent m a n n e r . 1 0 ~ ~ ~ ~  Such intramo- 
lecular expansion effects are beyond the scope of the 
present investigation on vinyl polymers. 

111. Intramolecular Structure 
In the first application of PRISM theory to vinyl 

polymers presented here, we will make use of the freely- 
jointed chain model for the intramolecular structure of 
the polymers. In the standard linear freely-jointed model 
the chain is divided into equal segments with the angle 
between adjacent segments free to assume any value with 
equal probability. For the vinyl polymer we will adopt 
this model for the alternating segments joining AB and 
BA site pairs along the chain backbone. In addition, we 
take each segment (BC) joining the side group to the main 
chain to also be freely jointed and free to rotate. For such 
a model we can then write the intramolecular structure 
factor of eq 6 in the form 

where n(A,u) is the number of chain segments between a 
pair of sites A and u along the chain backbone depicted 
in Figure 1. The term in square brackets arises from the 
constant bond length constraint for freely-jointed chains.28 
Although the calculation is somewhat tedious, the sum- 
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Table 1. Overlap Fraction A Shown for Chains of N = 50, 
dm = &B = 1.0 A for Various Values of dma 

dcc@) A r?(A4) dcc& A b(A4) 

0 1 2  3 k 4  5 6 7 

Figure 2. Kratky plot of the intramolecular structure functions 
nrrT(k) calculated from eq 10 as a function of wave vector k (A+). 
The number of monomer units N was taken to be 50. 

mations in eq 9 can be performed analytically to give 

sin(kd,) sin(kdBc) 
kdm kdBC 

and fBC = (10e) fAB = 

Equation 10 can be used in the PRISM eq 7 along with 
the closures in eq 8 to calculate the six radial distribution 
functions between species sites a t  any given monomer 
density 5. 

In Figure 2 a Kratky plot is shown for the various 
intramolecular structure factors calculated according to 
eqs 10 for vinyl chains of N = 50 monomers where all three 
sites are the same size dU = dgg = dcc = 1.0 A. Note that 
the diagonal components of Q ( k )  show a well-defined 
plateau or intermediate scaling regime. The shape of the 
diagonal components on the Kratky plot is very similar to 
what is o b s e r ~ e d ~ - ~  in freely-jointed polymer melts con- 
sisting of a single site. The off-diagonal components, 
however, exhibit different behavior a t  higher wave vectors 
and become negative in certain wave vector regimes. 

In this investigation we want to examine trends in the 
radial distribution functions as the size of the side group 
site C is changed. In order to make a sensible comparison, 
it is necessary to keep the packing fraction r]  of sites fixed 
in each calculation. Since we are using an intramolecular 
chain model that is ideal and hence allows unphysical 
overlaps of intramolecular sites, the average packing 
fraction depends not only on the monomer density but 
also the degree of polymerization N and the sizes of the 
individual sites. As in the case of the local self-consistency 
problem discussed above, this unphysical chain overlap 
has been found to decrease substantially when we consider 
real chains that have stiffness. 

0 0.175 0.579 1.0 0.231 0.414 
0.2 0.176 0.577 1.2 0.261 0.347 
0.4 0.183 0.566 1.4 0.301 0.288 
0.6 0.198 0.537 1.5 0.323 0.262 
0.8 0.214 0.484 

For the completely flexible, freely-jointed chain, how- 
ever, we must deal with this untidy problem. In previous 
studies8J0 on freely-jointed chains consisting of a single 
independent site, we corrected for this effect by assuming 
pairwise additivity of intramolecular overlaps. Here we 
will adopt this scheme to estimate the overlap fraction A 
of freely-jointed vinyl chains. For vinyl chains the packing 
fraction is related to the monomer density by 

where A is approximated by assuming pairwise additivity 
of intramolecular overlaps 

(12) 

In eq 12 way(r) is the normalized probability between 
sites a! and y for a freely-jointed vinyl chain, and VaY(r) 
is the overlap volume between two spheres a distance r 
apart having diameters d,, and dYY. The details of 
computing A are shown in the Appendix. Table 1 gives 
the overlap fraction for a freely-jointed vinyl chain of N 
= 50 monomer units as a function of the size dcc of the 
side group C. 

IV. Intermolecular Structure 
In this investigation we study the intermolecular 

structure of vinyl polymer liquids having 50 monomer unib 
(100 backbone sites) a t  a liquidlike packing fraction of 
0.5. To calculate the intermolecular packing, we solve the 
PRISM equations in eq 7 numerically for hard-core 
interactions between A, B, and C sites using the closure 
in eq 8. In this work we choose the backbone site diameters 
to be equal to 1 A for convenience. Alternatively, the 
distance r and wave vector k can be considered to be 
nondimensionalized by the backbone site diameter (Le., 
r/dAA and kdu). 

The numerical problem involves solving six coupled, 
nonlinear integral equations that we solve using standard 
Picard iteration.29 The procedure starts by assuming y(r) 
= h(r) - C(r) a t  (usually 211 = 2048) equally spaced points 
in r space (Ar = 0.04). The closure condition in eq 8 is 
then used to compute C(r) from y(r), which is then fast 
Fourier transformed to yield c ( k )  at 2048 equally spaced 
intervals in k space (Ak = r/(2048)(0.04) = 0.038 349 5). 
The PRISM matrix equations in eq 7 are then solved 
numerically to give a new estimate 

+(k) = [l - pB(k) .C(k) ] - ' .B(k) .e ) (k) .~(k)  - Qk) (13) 

After carrying out another fast Fourier transform back to 
r space, the new y ( r )  is compared with the previous 
estimate. A solution is assumed when the average 
fractional difference between estimates is less than lo-'. 
If convergence is not obtained, the above procedure is 
repeated using a new guess for y(r). The new guess is 
constructed by mixing 5-1076 of the latest y(r) with 90- 
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Figure 3. Intermolecular structure calculated for a polyethylene 
type melt of chains containing 100 backbone repeat units (50 
monomers) of size d = 1.0 A. (a) Radial distribution function 
g(r)  as a function of r (A). (b) Structure factor S ( k )  as a function 
of wave vector k (A-l). 

95% of the previous estimate. Depending on how good 
the initial guess is, the process usually converges after 
several hundred iteration cycles. Generally, it was found 
prudent to use the best guess available for y(r), for example, 
from a previous successful run with similar parameters. 
In order to obtain a first guess, the solution from the 
corresponding one-site model was used. The results were 
found not to change significantly when the number of mesh 
points was changed from 2048 to 4096. 

The intramolecular structure is entirely specified by 
the intramolecular structure factor matrix &k) in eq 13. 
For freely-jointed vinyl chains studied here eqs 10 were 
used for this purpose. Typical results for these intramo- 
lecular structure functions are shown in Figure 2. 

It is instructive to compare the three-site vinyl polymer 
melt with the corresponding one-site model of a polyeth- 
ylene (PE) type chain liquid at  the same packing fraction. 
The intermolecular radial distribution functiong(r) of such 
a freely-jointed PE chain melt is shown in Figure 3a. Note 
that g(r) is zero inside the hard core ( r  < d = 1.0 A) and 
then jumps discontinuously at  r = d. The cusp at  r = 2d 
is a consequence of the tangent hard-sphere model with 
a constant bond constraint. One can clearly observe the 
correlation hole where g(r) monotonically approaches 1 
on a scale of the radius of gyration (R, = 4.08 A). The 
correlation hole30 is a consequence of the screening of a 
pair of intermolecular sites on two chains by the remaining 
intramolecular sites. 

Figure 4 depicts the intermolecular radial distribution 
functions for a vinyl polymer liquid with the sizes of the 
three sites equal ( d u  = dBB = dcc = 1.0 A). A prominent 
characteristic of vinyl polymer liquids that can be deduced 
from this figure is that the side group site tends to screen 
out the backbone sites a t  short distances. Comparison of 
Figures 3a and 4a indicates t h a t g d r )  is larger near contact 
than g(r) for the corresponding PE  type chain. This is 
undoubtedly a consequence of the fact that the C sites are 
side groups off the backbone and, therefore, are more 
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Figure 4. Intermolecular radial distribution functions for a 
freely-joined melt of N = 50 monomers (100 backbone sites) as 
a function of r (A). The site diameters are dlu = dgg = dcc = 
l.OA. (a) Radial distribution functions between sites of the same 
type as a function of r (A). (b) Radial distribution functions 
between sites of different types as a function of r (A), 

accessible to each other than backbone sites. These side- 
chain sites effectively shield the backbone sites A and B 
from each other a t  short distances. This is evident from 
Figure 4a since gU(r) and gBB(r) are much smaller than 
gcc(r) near contact. Note thatgu(r)  is slightly larger than 
gBB(r) since site c has a greater shielding effect on B (since 
it is directly attached) than on site A. Figure 4b depicts 
the radial distribution functions between unlike types of 
sites. Again, the relative magnitudes near contact are 
explainable by side-group shielding arguments. 

It is interesting to also examine the radial distributions 
in Figure 4 on long length scales. It can be seen that, in 
the correlation hole regime, all the intersite g(r)'s are 
essentially the same as for the corresponding PE type melt. 
This universal behavior is not surprising since the 
structural differences between a vinyl and a PE type 
polymer occur only at  the monomer level. These local 
structural features will, in general, affect the radius of 
gyration and thereby indirectly influence the correlation 
hole. However, since both chains are ideal, freely-jointed 
chains with the same number of backbone segments, their 
radii of gyration will be identical in this case. From these 
considerations, it would appear that acoarse-grained model 
chain effectively captures the correlation hole features of 
a polymer liquid, as long as the radius of gyration matches 
that of the real chain. The short-range structural features 
depend on the details of the monomer structure as is clearly 
seen in Figure 4. 

We will now examine the effect of the size of the side- 
chain substituent on the intermolecular packing in the 
vinyl polymer melt. Figure 5 displays the intermolecular 
radial distribution g U ( r )  between backbone sites of type 
A as a function of the diameter dcc of the side chain site 
C. Here we observe an interesting nonmonotonic behavior 
for side-chain groups of small size. When dcc is zero, we 
of course reduce to the PE case shown in Figure 3a. Three 
dcc's were studied (0,0.2, and 0.4 A) in the range 0 I dcc 
I 0.4 A. In all three cases the gu(r) ' s  found were 
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Figure 5. Intermolecular radial distribution function gM(r) 
between backbone sites of type A, for various values of the eide- 
chain site diameter dcc (A), as a function of r (A). The backbone 
site diameters were dM = dgg = 1.0 A. 
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Figure 6. Intermolecular radial distribution function gcc(r) 
between backbone sites of type C, for various values of the side- 
chain site diameter dcc (&, as a function of r (A). The backbone 
site diameters were d u  = dgg = 1.0 A. 

approximately the same as g(r) shown in Figure 3a for PE 
type melts. 

We can speculate that g u ( r )  remains unaffected by the 
side-chain site in this region because of preferred packing 
arrangements. When site C is in the range 0 I dcc 50.4 
A, the extra volume associated with the side group can be 
accommodated into the normal PE  type packing by filling 
interstitial sites in the amorphous liquid. This is supported 
by the fact that the maximum diameter sphere that can 
be fit in the space between four touching spheres of 
diameter d, lying in the same plane, is 0.414d. Such 
preferred packing arrangements, if they occur, would be 
greatly facilitated in the freely-jointed vinyl chains studied 
here. This is further supported by the fact that Picard 
iteration tended to give unphysical numerical results for 
the gcc(r) in which gcc(r) became negative near contact 
when 0 I dcc 5 0.4 A. Such unphysical behavior for gcc- 
(t) might suggest that the C sites are being surrounded by 
backbone sites and are impeded from coming in contact 
with each other. Because of free rotation of the angle 
joining adjacent sites ABC, the side group could rotate 
into the space between four backbone sites. For this reason 
the nonmonotonic behavior observed here for freely- 
jointed chains would probably not occur with more realistic 
models of vinyl chains having fixed bond angles. 

For dcc >0.4 A we observe in Figure 5 that the shielding 
effect of the side group increases as its size increases. In 
contrast to what was found for small dcc, the Picard 
iteration scheme yielded physically meaningful solutions 
forgcc(r) in whichgcc(r) remains positive outside the hard 
core. In Figure 6 we have plottedgcc(r) for various values 
of dcc. It can be seen from this figure that gcc(r) near 

-0.1 1 \ ;c- 0,' 

. , 
-0.2 

0 2 6 a 10 4 k  

Figure 7. Partial structure factors calculated from Eq 14b 88 
a function of wave vector k (A-l). The backbone site diameters 

contact remains fairly constant for dcc > 0.6 A. 
We now examine the scattering behavior of freely-jointed 

polymer melts. A structure factor matrix can be defined16 
in terms of the intramolecular and intermolecular struc- 
ture. 

were dM = dgg = dcc 1.0 A. 

$(k) = d(k) + &k) (14a) 

Q ( k )  = 11- jd&k).Qk)]-'*d(k) (14b) 

The second relation in eq 14 follows from the PRISM 
matrix equations in eq 7. From a numerical standpoint, 
it was found that better accuracy could be obtained by 
computing the structure factors from the direct correlation 
functions rather than from the functions &k). For this 
reason eq 14b was employed to calculate the partial 
structure factors in this work. 

It is instructive to first examine the structure factor for 
a single-site PE type polymer melt. This structure factor 
is plotted in Figure 3b for freely-jointed chain melts having 
a site diameter of 1 A. The single feature evident in this 
figure is the peak occurring a t  k l z  7 A-I. This peak roughly 
corresponds to a distance 2dkl zi 1 and results from both 
intramolecular, site-site bonds and intermolecular, site- 
site bonds and intermolecular, nearest-neighbor packing. 
This first peak is seen at  kl r 1.3 A-l in wide-angle X-ray 
scattering measurements of Narten and H a b e n s ~ h u s s ~ ~ * 3 ~  
on polyethylene melts. 

Figure 7 depicts the partial structure factors computed 
for the vinyl chain melt for the case when dA = dg = dc 
= LOA. Note that in the k = 0 limit all the partial structure 
factors reduce to the same value 5Sar(0) = b2kBTK = 0.1039 
dictated by the isothermal compressibility K .  At higher 
wave vectors each of the partial structure factors exhibits 
a different and complex behavior. In general, it is difficult 
to independently measure each of the scattering functions. 
The intensity I(k) that is measured in a typical scattering 
experiment consists of a weighted sum of the individual 
partial structure factors 

where b, is the scattering cross section of the mth site. 
In order to make comparisons with I(k), in this 

investigation we define an average structure factor 
(k) according to 

That is, we assume that the scattering cross sections of 
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Figure 8. Average structure factor per site calculated from eq 
16 as a function of wave vector k (A-l). The curves are shown 
for various values of the side-chain site diameter dcc (A). The 
backbone site diameters were d u  = dBg = 1.0 A. 

each of the three sites are equal. This average structure 
factor is plotted in Figure 8 for various side-chain site 
diameters dcc. It is interesting to observe from this figure 
that a new peak grows at  small wave vector when a side- 
chain site is added to a PE type backbone. This new peak 
grows in intensity and shifts to lower wave vectors as dcc 
increases. For the case of dcc = 1.0 A, the low-angle peak 
occurs a t  k2 = 1.8 corresponding to a characteristic distance 
of roughly 2alk2 z 3.5. Such a low-angle peak, at wave 
vectors below the main peak, has been observed in 
amorphous p0lystyrene.3~ It is clear from examining 
Figure 7 that this peak in Ssib(k) arises from the AA, BB, 
and AB partial structure factors corresponding to the 
backbone sites. These long-range backbone correlations 
must result from packing which is influenced by the side- 
chain sites. Thus, the side-chain sites indirectly account 
for the new low-angle peak by influencing the packing of 
the backbone sites. 

V. Thermodynamic Properties 
In principle, thermodynamic properties can be deduced 

from a knowledge of the intermolecular structure as given 
by the radial distribution functions. In the case of a 
polymer melt, the thermodynamic properties of interest 
include the isothermal compressibility K, the equation- 
of-state, and the cohesive or internal energy E. The 
compressibility is easily obtained from the zero wave vector 
structure factor according to Smmj(O) = FkBTK. The 
pressure can then be obtained by integration of the 
compressibility 

The pressure can also be computed from other routes. It 
should be mentioned that previous studied2 on polymer 
melts demonstrate that different results are obtained from 
PRISM theory depending on which route is employed. 
Figure 9 shows the dependence of the pressure calculated 
in this manner as a function of the packing fraction. Note 
that, a t  a given packing fraction, the pressure decreases 
as the side-chain site diameter dcc increases. Conversely, 
at fixed pressure the density of freely-jointed vinyl chain 
melts is predicted to increase with increasing side-chain 
diameter. Experimentally, the density of isotactic polypro- 
pylene is very slightly larger than for p0lyethylene.~3 Such 
a comparison between freely-jointed chain liquids and 
experimental densities on real polymer melts could be 
misleading, however, since the local intramolecular struc- 
ture will strongly influence the intermolecular packing. 
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rl 
Figure 9. Pressure computed from the compressibility as a 
function of the packing fraction 7). The curves are shown for 
various values of the side-chain site diameter dcc (A). The 
backbone site diameters were d u  = dgg = 1.0 A. 6 is defined as 
l / k ~ T  where k g  is Boltzmann's constant. 

I t  is interesting to calculate the cohesive energy per site 
E for the vinyl polymer melt under investigation here 
becaue it is akin to the heat of mixing and enthalpic x 
parameterI6 of a polymer blend. For a vinyl polymer melt, 
E is simply related to the radial distribution functions 
between sites A, B, and C according to the relation 

(18) 

where Ummt(r) is the intersite potential. Previous ~ o r k ~ p ~ ~  
on atomic and small-molecule fluids demonstrates that, 
a t  typical liquidlike densities, the radical distribution 
functions are determined almost entirely by the repulsive 
interactions. With this approximation, we can then 
employ the hard-core values of gmmf(r) in eq 18. For 
simplicity we assume that the intersite potentials outside 
the hard cores are of the Lennard-Jones form with equal 
well depths. 

u,,,,,(r) = for r < d,,,,,,, 

urn,&) = 4 ~ [ ( * ) ~ ~ - ( % ) ' ]  forr>d,,, (19) 

Equation 18 is easily seen to reduce to 

(20) 

The cohesive energy is plotted in Figure 10 where it can 
be observed that E decreases as the side-chain site diameter 
dcc increases. It is interesting to compare the cohesive 
energy per site of a freely-joined chain melt with the 
corresponding freely-joined polyethylene at  the same 
packing fraction, size, and number of backbone sites. 
Correcting for the number of sites (four) per monomer, we 
find that E/16ae = -0.149 for polyethylene and -0.110 for 
the vinyl polymer with dcc = 1.0 A. This decrease in E 
for the polyethylene melt presumably reflects the fact that 
the unbranched chains are able to pack more efficiently 
than the vinyl chains at the same packing fraction. Since 
E is seen to be a sensitive function of the local structural 
details, one can speculate that the enthalpic x parameter 
of a polymer blend would also depend on the local monomer 
structue and packing.16 Furthermore, one would expect 
this dependence even when the site-site attractive po- 
tentials are identical. 
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Appendix 
In section I11 we estimated the fraction A of intramo- 

lecular overlaps of a freely-jointed chain. Here we outline 
the details of that straightforward, but tedious, computa- 
tion. The overlap volume Va,(r) between two spheres a 
distance r apart having diameters d,, and d,, can be shown 
to be 
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Figure 10. Cohesive or internal energy E per site (shown on the 
left-hand ordinate), and the isothermal compressibility (shown 
on the right-hand ordinate), as a function of the side-chain site 
diameter dcc (A). The backbone site diameters were d u  = dgg 
= 1.0 A. 

From Figure 10 it can be observed that the isothermal 
compressibility increases with dcc. Again one might expect 
this trend to dcc > 0.6 A because the insertion of the side- 
chain group would be expected to disrupt the packing of 
the main chains, thereby raising the "free volume" and 
hence the compressibility. Experimentally, it appears that 
isotactic polypropylene melts have a slightly larger 
compressibility than polyethylene melts a t  the same 
t e m p e r a t ~ r e . ~ ~  PRISM calculations, in which the local 
monomer structure is modeled with a rotational isomeric 
state model, are required to make a more definitive 
comparison between polyethylene and polypropylene. 

VI. Conclusions 

In this investigation we have calculated the intermo- 
lecular packing of freely-jointed, polymer melts. The effect 
of local monomer structure is captured by subdividing 
each monomer into three independent, tangent, hard- 
sphere sites. Not surprisingly, the local monomer structure 
influences the radial distribution functions on short length 
scales. Significant shielding of the backbone sites by the 
side-chain groups is observed when dcc > 0.6 A. In the 
range 0 I r I 0.4 A the flexible side-chain sites appear to 
pack efficiently between the larger backbone sites. On 
larger length scales comparable to the radius of gyration, 
all the radial distribution functions exhibit universal 
behavior characteristic of the correlation hole. This 
suggests that simpler coarse-grained models would suffice 
if one is interested only in long-range correlations. 

Examination of the partial structure factors reveals that 
a new, low-angle peak, not present in polyethylene-like 
melts, emerges for vinyl polymers. This peak increases in 
intensity and moves to lower angles as the size of the side- 
chain group increases. Experimental evidence for this 
behavior possibly exists from X-ray scattering experiments 
on polystyrene melts. The results from the present 
investigation would suggest that this low-angle scattering 
behavior might be a general feature of vinyl polymer melts. 

Thermodynamic properties deduced from the inter- 
molecular radial distribution functions were found to be 
functions of the local monomer structure. Such nonuni- 
versal behavior is expected since thermodynamic proper- 
ties are known to depend on interchain coirelations on all 
length scales. Calculations of intermolecular structure 
and thermodynamic properties for specific vinyl polymers 
are possible by employing the rotational isomeric state 
model to compute the intramolecular $2 functions in eq 6. 
Such calculations will be the topic of future investigations. 

The overlap fraction in eq 12 is based on the approximation 
that the total volume of overlap VO is the sum of pairwise 
overlaps. Thus, the simultaneous overlap of three or more 
spherical sites is neglected. Detailed analysis of eq 12, 
similar to that performed in ref 8 for single-site models, 
leads to the following expression for VO 

1 
Vo = -Jomk dk C W m m , ( k )  Om,&) (A2) 

T mm' 

where the summation is over species A, B, and C. The 
Wmmt functions in eq A2 are related to intramolecular 
structure factors in eqs 9 and 10 but are modified by 
subtracting out the self terms when m = m'. 

~ f i ( k )  = wBB(/z) = - 1) L43a) 

In eq A4 it is assumed that dm'ml > d m m  If the opposite 
is true, then the coefficient of the first term on the right- 
hand side becomes ~ d m m ' ~ d m t m ' ~ l 6  instead. The functions 
I,(E,kd) appearing in eq A4 are defined as 



4672 Curro Macromolecules, Vol. 27, No. 17, 1994 

Curro, J. G.; Schweizer, K. S. J. Chem. SOC., Faraday Trans. 
1992,88, 1791. 

(12) Yethiraj, A,; Curro, J. G.; Schweizer, K. S.; McCoy, J. D. J. 
Chem. Phys. 1993,98,1635. Curro, J. G.;Yethiraj,A.; Schweizer, 
K. S.; McCoy, J. D.; Honnell, K. G. Macromolecules 1993,26, 
2655. 

(13) Schweizer, K. S.; Curro, J. G. Chem. Phys. 1990, 149, 105. 
Schweizer, K. S.; Curro, J. G. J. Chem. Phys. 1991, 94, 3986. 

(14) Schweizer, K. S.; Curro, J. G. Phys. Reu. Lett. 1988, 60, 809. 
Curro, J. G.; Schweizer, K. S. J. Chem. Phys. 1988,88, 7242. 

(15) Schweizer, K. S.; Curro, J. G. J. Chem. Phys. 1989, 91, 5059. 
Curro, J. G.; Schweizer, K. S. Macromolecules 1990,23,1402. 
Curro, J. G.; Schweizer, K. S. Macromolecules 1991,24,6736. 

(16) Schweizer, K. S.; Yethiraj, A. J. Chem. Phys. 1993,98, 9053. 
Yethiraj, A.; Schweizer, K. 5. J. Chem. Phys. 1993,98, 9080. 
Yethiraj, A,; Schweizer, K. S. J. Chem. Phys. 1992,97, 1455. 
Yethiraj, A.; Schweizer, K. S. J. Chem. Phys. 1992, 97, 5927. 
Schweizer, K. S. Macromolecules 1993, 26, 6033; Macromol- 
ecules 1993.26. 6050. 

/nr\ 

The desired overlap fraction A is now computed from eqs 
A1-A5 according to 

The overlap fractions described in Table 1 were computed 
using eqs Al-A6. 
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